From a formal point of view, we study the affine connection as a gauge field under GL(N, R) on a N dimensional space-time and a Yang-Mills type formulation is assumed. In particular, the N = 3 torsionless empty space in which cosmological solutions are trivial, is studied. Looking for consistence with Einstein gravity, we show that introduction of a simple class of non minimal coupling terms in the action produces restrictions on allowed matter distribution.
Introduction
The natural desire in which gravity can be handle like a genuine gauge theory (to at certain level) have been considered by several authors 1−16 . This motivation maybe has been maintained in time, for example due the successful application of Yang-Mills 17 gauge theory in the electro-weak model 18−20 , joined with the hope that something similar would happen in gravitation.
Within the gauge formulations of gravity, we focus the attention in the well known idea of a construction based on GL(N, R) as a gauge group 5, 21 , which from one can define a fiber bundle (i.e., principal fiber bundle) where the base manifold has a Minkowskian metric provided. Following a typical gauge theory scheme, is expected that a Yang-Mills lagrangian density will be related to a quadratic lagrangian density on Riemann-Christoffel curvature. This type of lagrangians have a great interest 22−31 , essentially because these yield theories where the renormalization problems are much less severe 32 . Additionally, looking for a unifying origin for the supergravities appearing as low-energy limits of strings-or M-theory, there is a recent attention 33−37 on MacDowell-Mansouri R2-actions 38 for SUGRA in d = 11 and d = 12
dimensions.
The aim of this paper is to consider the particular case in 2 + 1 dimensional gravity, which have been studied since the pioneering paper of Staruszkiewicz 39 (among others, see references 40, 41 ), and whose gauge formulation is not new 42−44 . This would be useful as a scenery for exploration of a coupling scheme.
The paper is organized as follows. We present the notation in Section 2. A lagrangian formulation is presented in Section 3. In section 3.1 we use a Palatini's variational principle recovering cosmological solutions as trivial ones. In Section 3.2 we explore a non minimal coupling problem in 2+1 dimension, demanding consistence with Einstein solutions. We conclude with some remarks.
Notation
This section is a self-contained brief review about some definitions we will need. Let V µ a be the components of a mixed tensor, defined in an N dimensional space provided with metric g µν , curved coordinates 
etc.
Particularly, one can demand the property D µ e ν a = 0, where e ν a is the n-bein which satisfies g µν = e µ a e ν b η ab . From this follows, that the torsion can be written in the form
If the matrix elements for GL(N, R) and lorentz transformations are defined as (U )
∂ξ b , covariant behaviour of (1) or (2) demands the following transformation rules for connections
where we have introduced notation
It can be observed that the object (6) is a GL(N, R) connection which transforms like a lorentzian vector in flat index. In this sense, we view the coordinate transformation rule as a gauge transformation defined on a fiber bundle whose base space have a flat metric provided. So, GL(N, R) is chosen as the structure group, and will be assumed that the fibre projection, the transition functions, etc. are given. We do not discuss in this paper about non-compactness of GL(N, R) and its generators.
Next, the Riemann-Christoffel curvature tensor (i.e., R α σµν ) is written through application of the
and for all V α says that R
Using (3) and (6), the Riemann-Christoffel tensor components take the form
where
is a Yang-Mills like curvature with torsion contribution.
Lagrangian Formulation
The main objective is to study the relationship between solutions obtained starting with a Yang-Mills type lagrangian formulation dependent on curvature F ab , and compared with Einstein gravity with cosmological constant in a Riemannian space. In other words, we have interest in solutions where Ricci tensor satisfies
where T αβ is the energy-momentum tensor associated to material fields and λ is the cosmological constant.
We will assume a Palatini's variational principle type, based on GL(N, R) connection and n-beins as dynamical fields.
The vacuum case
Let the gauge invariant action for T αβ = 0 be
where Λ(λ) is a constant, and we expect that it shall depends on cosmological constant. One can see that action (11) match with a pure Riemann-Christoffel quadratic lagrangian theory in a torsionless space-time.
A functional variation on connection A gives
up to a bound term. In (12) notation means
In a torsionless space-time, (13) is
Anyway, the field equation will be E σ = 0.
Focussing in torsionless case, equation (14) can be written in terms of Ricci and Weyl (i.e., C λµν α )
tensors with the help of a Bianchi identity in the form
In N = 2 + 1 dimension, the Weyl's tensor vanishes, and (15) take a simpler shape
An inspection on free field equation show that de Sitter and Anti de Sitter (i.e., dS/AdS) space are trivial solutions, among a huge set of solutions. A similar fact shall occur in conformally flat spaces in
Then, taking the trivial solution R αβ = −2λg αβ , the curvature F ab can be evaluated using eq. (8):
which says the field A a is a pure gauge in dimension 2 + 1 with λ = 0. This is the flat behaviour that one expects in vacuum. The topological sense of λ = 0 would suggest another interpretation for F ab = 0:
is the field equation coming from a Chern-Simons (CS) theory constructed with the connection A a .
Staying in a 2 + 1 dimensional space, we consider variations of the action S o on dreibeins. So, using (17) we can write
which says that the field equations for dreibeins (joined with the dS/AdS solutions of Yang-Mills field equations) fix the value of unknown constant at Λ = λ 2 . In other words, this condition guarantees that dS/AdS are trivial solutions for the lagrangian formulation given in (11).
A special coupling with matter in 2+1 dimension
It is valid to outline the model related to the coupling with matter through the connection A a . The first problem that arises in this quadratic curvature formulation, is what is the physical sense of currents and masses that would appear in coupling action terms. We explore a possible scheme for introducing a matter coupling in the following manner
where φ represents the material fields. One can see that this point of view involves a "current" j a (e, φ)
and "mass" m ab (e, φ), which can not be interpreted in the same way that they appear in the scheme of Hilbert-Einstein lagrangian formulation of gravity. In order to say something about these objects we shall follow the path of demanding consistence with Einstein spaces.
Before to take this procedure, one can observe that it is not clear the gauge invariant behaviour of the coupling terms in (19) without a definition for j a (e, φ) and m ab (e, φ). In order to avoid doubts, we choose the following suppositions. Let ℓ(e, φ) be a gauge invariant functional and let M ab (e, φ) be an antisymmetric object that transforms under the adjoint representation of GL(3, R), these two tensor are functionals on dreibeins and material fields. Then, a very simple action with coupling is introduced
which, after a integration reproduces "current" and "mass" terms. Now, our problem is to explore the shape of objects ℓ(e, φ) and M ab (e, φ) requiring consistence with Einstein solutions.
The first step consists to perform δ A S variations in (20) . So, we obtain
up to a bound term.
It can be shown, that cosmological solutions with matter corresponding to (10) are extremals of (20) (i.e., δ A S = 0), if one take the ansatz
with sufficient condition D β (g αµ T βν − g αν T βµ ) = 0 (for example, a special case would be D β T βν = 0, that implies conservation of T βα ). Obviously, in order to respect the functional dependence on matter fields of ℓ(e, φ) and M ab (e, φ), the chosen ansatz make a restriction on the shape of energy-momentum tensor. This means, our study is restricted to the cases in which T βα does not depend explicitly on connection (i.e., φ would be a massive scalar field).
But, as we will show there is more restrictions on T βα when dreibeins variations are performed on action S. On one hand, components F ab can be evaluated on cosmological solutions (λsol.) with matter through (10) and the help of (8) . Then, δ e S can be computed in terms of T βα δ e S | λsol. = δ e d3x √ −g ℓ(e, φ)
where notation means t µα ≡ 8πG T µα .
Inspired in (23), a general quadratic polynomial form for ℓ(e, φ) must be
and introducing this in (23), we obtain
If we demand δ e S | λsol. = 0 for any t µν , non consistent relations for parameters a 1 , a 2 and a 3 appear.
We want to observe that the last statement means that the coupling scheme presented in (20) is valid only for certain class of matter distribution. For elucidate this fact, one can to consider a perfect fluid with t µν = (ρ + p)U µ U ν − pg µν , where ρ and p are density and pressure up to a 8πG factor, and U µ the velocity of the fluid. Then, δ e S = 0 implies the following quadratical state equations
which express restriction on matter distribution, for example there is not punctual particles allowed in general.
Concluding remarks
A gauge construction based on the group GL(N, R), related to Riemann-Christoffel curvature quadratic formulations in Riemann spaces lead us to study the interesting case of 2+1 dimensional gravity, where we outline that the vacuum has dS/AdS trivial solutions. There, we show that the Palatini's variational principle produces an effect in which variations on connection give field equations (that contain Einstein ones) and variations on dreibeins leads to consistence condition that fixes the constant Λ when dS/AdS solutions are used.
On the other hand, we assume a non minimal coupling scheme with matter. An ansatz for coupling, consistent with Einstein theory with cosmological constant and based on the supposition that material energy-momentum tensor does not depend explicitly on connection conduce to restrictions on the shape of the matter distribution.
The study of conformal spaces in N ≥ 4 dimension will be considerated elsewhere.
